In this paper, two classes of three-step iteration schemes for multi-valued mappings in a uniformly convex Banach space are presented. Moreover, their strong convergence are proved.
Introduction
Iterative methods for approximating fixed points of multi-valued mappings in Banach spaces have been studied by some authors [2, 3, 6, 7] . In 2009, Shahzad and Zegeye [4] improved the results of [3, 6] . They introduced the following iteration scheme. Let D be a nonempty convex subset of a Banach space X, T : D → CB(D) a quasinonexpansive multi-valued mapping and α n , β n ∈ [0, 1]. The sequence of Ishikawa iterates is defined by x 1 ∈ D, y n = β n z n + (1 − β n )x n , n ≥ 1,
where z n ∈ T (x n ) and z n ∈ T (y n ). Next, they introduced the following iteration scheme. Let D be a nonempty convex subset of a Banach space X, T : D → P (D) a multivalued mapping and P T (x) = {y ∈ T (x); x − y = d(x, T (x))} and α n , β n ∈ [0, 1]. The sequence of Ishikawa iterates is defined by x 1 ∈ D, y n = β n z n + (1 − β n )x n , n ≥ 1,
where z n ∈ P T (x n ) and z n ∈ P T (y n ). They proved strong convergence theorems for these iteration schemes in uniformly convex Banach spaces. Inspired and motivated by the above facts, we introduce the following iteration scheme. Let D be a nonempty convex subset of a Banach space X and T : D → CB(D) a multi-valued mapping. For a given x 1 ∈ D, compute the sequences {x n }, {y n } and {z n } by the iteration scheme z n = a n w
where w (1) n , w (3) n ∈ T (x n ), w (2) n , w (5) n ∈ T (z n ), w (4) n ∈ T (y n ) and {a n }, {b n }, {c n }, {α n } and {β n } are appropriate sequences in [0, 1] . If a n = c n = β n = 0, then (3) reduces to (1) . Next, we introduce the following iteration scheme. Let D be a nonempty convex subset of a Banach space X and T : D → P (D) a multi-valued mapping. For a given x 1 ∈ D, compute the sequences {x n }, {y n } and {z n } by the iteration scheme z n = a n w
where w (1) n , w (3) n ∈ P T (x n ), w (2) n , w (5) n ∈ P T (z n ), w (4) n ∈ P T (y n ) and {a n }, {b n }, {c n }, {α n } and {β n } are appropriate sequences in [0, 1] . If a n = c n = β n = 0, then (4) reduces to (2) . In this paper, we prove strong convergence theorems for these new iteration schemes. 
Main results
We use the following lemma to prove our main results. 
for all x, y, z ∈ B r and all α, β, γ ∈ [0, 1] with α + β + γ = 1.
Lemma 2. Let X be a uniformly convex Banach space and D a nonempty, closed and convex subset of X. Suppose T : D → CB(D) is a nonexpansive multivalued mapping with
Proof. Let q ∈ F . We have
Hence { x n − q } is a nonincreasing sequence, so lim n→∞ x n − q exists for any q ∈ F (T ). Also {x n } is bounded. Proof. Let q ∈ F (T ). Then, as in the proof of Lemma 2, {x n }, {y n } and {z n } are bounded. Therefore, there exists R > 0 such that x n − q, y n − q, z n − q ∈ B R (0) for all n ≥ 1. Applying Lemma 1, there is a continuous, strictly increasing and convex
Therefore
(7) Hence
Since lim inf n→∞ α n > 0 and 0 < lim inf n→∞ b n ≤ lim sup n→∞ (b n + c n ) < 1, there exist positive integers r 1 , r 2 ∈ (0, 1) and N 1 > 0 such that By (8) we obtain
(9) Therefore lim n→∞ g( w (2) n − x n ) = 0 and hence lim n→∞ w (2) n − x n = 0.
(10)
In addition, by (7) we obtain
Since 0 < lim inf n→∞ α n ≤ lim sup n→∞ (α n + β n ) < 1, there exist positive integers r 3 , r 4 ∈ (0, 1) and N 2 > 0 such that 0 < r 3 < α n and α n + β n < r 4 < 1, ∀n ≥ N 2 .
By (11) we obtain
Therefore lim n→∞ g( w (4) n − x n ) = 0 and hence lim n→∞ w (4) n − x n = 0.
It is a simple consequence of the definition of H(T (x n ), T (y n )) that for each positive integer n ≥ 1, there existsŵ n ∈ T (x n ) such that
Next, consider
Since { x n − q } is bounded, we have { w (3) n − x n } is a bounded sequence. By (14) we obtain
As, n → ∞ in the above inequality, by (10) and (13) we obtain lim
and p k → q as k → ∞, we have d(q, T (q)) = 0 and thus q ∈ F . Since {x n k } converges strongly to q and lim n→∞ x n −q exists, we have {x n } converges strongly to q. Proof. Let q ∈ F . Then P T (q) = {q}, We have
Hence { x n −q } is a nonincreasing sequence. Therefore, lim n→∞ x n −q exists for each q ∈ F (T ). So {x n } is bounded. Also {y n } and {z n } are bounded. Therefore, there exists R > 0 such that x n − q, y n − q, z n − q ∈ B R (0) for all n ≥ (2) n − q 2 + c n w
n − x n ) = b n (d(w (2) n , P T (q))) 2 + c n (d(w
n , P T (q)))
n − x n ) ≤ b n (H(P T (z n ), P T (q))) 2 + c n (H(P T (x n ), P T (q)))
n − x n ).
we get
Therefore {p k } is a Cauchy sequence in D and thus converges to q ∈ D.
and p k → q as k → ∞, we have d(q, T (q)) = 0, and thus q ∈ F . Since {x n k } converges strongly to q and lim n→∞ x n −q exists, we have {x n } converges strongly to q.
